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THE LIOUVILLE THEOREM OF A TORSION SYSTEM AND
ITS APPLICATION TO SYMMETRY GROUP OF A POROUS
MEDIUM TYPE EQUATION ON SYMMETRIC SPACES
XIAO-PENG CHEN & SHI-ZHONG DU & TIAN-PEI GUO
Abstract. In this paper, we will first prove a Liouville theorem to the
torsion system ξ
i
i
= λ(x) ± 2xkξk|x|2+1 , ∀i = 1, 2, · · · , n
ξi
j
+ ξ
j
i
= 0, ∀i , j
for (ξ, λ) ∈ C∞(Rn,Rn × R). As an application, complete resolutions of
symmetry groups to the porous medium equation
ut − △g(um) = up, ∀(x, t) ∈ M × R
of Fujita type are obtained, where M is the sphere Sn ⊂ Rn+1 or hyper-
bolic space Hn with canonical metric g.
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1. Introduction
A classical method to find symmetry reductions of pdes is the Lie group
method [21]. The classical symmetries of the general nonlinear heat equa-
tion was considered by Clarkson and Mansfield [2]. They gave a catalogue
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2 Porous Medium Equation
of symmetry reductions. The classical Lie group method has been gener-
alized to the porous medium equation [25] . Gandarias [10] applied the
Lie-group formalism to deduce symmetries of the porous medium equa-
tion. Franco [6] globalize the symmetry group of the n-dimensional nonlin-
ear porous medium equation. Some other results concerning the symmetry
groups of (1.1) may refer to [9, 11, 12, 22] for one spatial dimensional case,
and refer to [1, 3, 4, 8] for higher dimensional case.
In this paper, we will firstly study a system of differential equation
(1.1)
ξ
i
i
= λ(x) ± 2xkξk|x|2+1 , ∀i = 1, 2, · · · , n
ξi
j
+ ξ
j
i
= 0, ∀i , j
for
(ξ, λ) = ((ξ1, · · · , ξn, λ) ∈ C∞(Rn,Rn × R),
and then prove the following Liouville property:
Theorem 1.1. The unique solution of (1.1) is given by λ(x) ≡ 0 and
(1.2) ξi = Σ j,ia
i
jx
j
+ bi, aij = −a ji , ∀i , j,
where ai
j
, i, j = 1, 2, · · · , n and bi, i == 1, 2, · · · , n are both constants.
The system (1.1) comes frequently from the studying of Lie’s theory to
PDEs on symmetric spaces. As an application, we derive classification re-
sults of symmetry groups to a porous medium equation
(1.3) ut − △gum = up, ∀(x, t) ∈ M × R
of Fujita type, where n is assumed to be greater than one and (M, g) is a
complete Riemannian manifold equipped with metric g.
The classical frame of porous medium type equation was set up after
landmark works of [7, 18, 20, 23, 24, 25]. Although the applications of
Lie’s theory and the analyses of qualitative behaviors of solutions on Rie-
mannian manifolds [13, 14, 15, 16, 17, 25] are known for porous medium
type equation, the interaction of both roles is not clear yet. It is the main
purpose of this paper to clarify the symmetry group for equation on Riem-
manian manifold.
If one sets v(x, t) = um(x, t/m) and r = (1−m)/m, q = p/m, (1.3) changes
to a semilinear equations in form of
(1.4) ut = u
−r(△gu + uq).
For the sake of simplicity, we turn to classify the symmetry groups of (1.4)
with constants q , 0, r , −1 instead of (1.3). In case M = Sn ⊂ Rn+1, we
will prove the following result.
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Theorem 1.2. When M = Sn ⊂ Rn+1, after rotation on circle and the stereo
polar projection from north polar, the symmetry groups of (1.2) are gener-
ated
(1) by (4.9), in case q, r + 1, 1 don’t equal mutually,
(2) by (4.16)-(4.17), in case of q = r + 1 , 1,
(3) by (4.23), in case of q = 1 , r + 1,
(4) by (4.29), in case of r + 1 = 1 , q,
(5) by (4.39), in case of q = r + 1 = 1.
And in case of M = Rn, the following characterization result was shown.
Theorem 1.3. When M = Hn, the symmetry groups of (1.2) are generated
by
(1) by (5.9), in case q, r + 1, 1 don’t equal mutually,
(2) by (5.16)-(5.17), in case of q = r + 1 , 1,
(3) by (5.23), in case of q = 1 , r + 1,
(4) by (5.29), in case of r + 1 = 1 , q,
(5) by (5.39), in case of q = r + 1 = 1.
Since there is no asymptotic assumption was imposed, our classification
results Theorem 1.2-1.3 are complete. The contents of this paper are orga-
nized as follows. In Section 2, we recall some basic fact about the Lie’s
theory for PDEs. Next, the Liouville property will be proven for torsion
system (1.1) in Section 3. Finally, as an application of Theorem 1.1, we
give the proofs of Theorem 1.2 in Section 4 and Theorem 1.3 in Section 5.
2. Preliminary facts to Lie’s theorem on manifolds
Let’s first recall some facts of Lie’s theorem (see for example [21]) to par-
tial differential equation. Here, we consider a parabolic partial differential
equation
(2.1) F(x, t, u,Du,D2u, ut) = 0
of second order, and suppose that
−→v = ξi(x, t, u) ∂
∂xi
+ η(x, t, u)
∂
∂t
+ φ(x, t, u)
∂
∂u
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is an infinitesimal generator of one-parameter group action g(ε), ε ∈ R. By
the prolongation formula in [21] (Theorem 2.36, Page 110)
pr(2)−→v = ξi ∂
∂xi
+ η
∂
∂t
+ φ
∂
∂u
+ φi
∂
∂ui
+ φt
∂
∂ut
+φi j
∂
∂ui j
+ φit
∂
∂uit
+ φtt
∂
∂utt
,(2.2)
where
φi = Di(φ − ξ ju j − ηut) + ξ jui j + ηuit
= φi + φuui − (ξ ji + ξ juui)u j − (ηi + ηuui)ut,
φt = Dt(φ − ξ ju j − ηut) + ξ ju jt + ηutt
= φt + φuut − (ξ jt + ξ juut)u j − (ηt + ηuut)ut
and
φi j = Di j(φ − ξkuk − ηut) + ξkui jk + ηui jt
= D j
{
φi + φuui − (ξki + ξkuui)uk − ξkuik − (ηi + ηuui)ut − ηuit
}
+ ξkui jk + ηui jt
= φi j + φiuu j + (φu j + φuuu j)ui + φuui j −
{
ξki j + ξ
k
iuu j + (ξ
k
u j + ξ
k
uuu j)ui
}
uk
−(ξki + ξkuui)u jk − (ξkj + ξkuu j)uik −
{
ηi j + ηiuu j + (ηu j + ηuuu j)ui
}
ut
−(ηi + ηuui)u jt − (η j + ηuu j)uit.
Moreover, g(·) is a one-parameter symmetry group of (2.1) if and only if
(2.3) pr(2)−→v F(x, t, u,Du,D2u, ut) = 0
holds for any u(2) ≡ (u,Du,D2u, ut) satisfying
(2.4) F(x, t, u(2)) = 0,
where u,Du,D2u, ut are regarded as independent variables as usually.
When consider solution u of (1.4) on Riemannian manifold (M, g) which
can be parametrized by global coordinates x ∈ Rn, we have
(2.5) F(x, t, u,Du,D2u, ut) ≡ ut − u−r
{
gi j
(
Di ju − Γki jDku
)
+ uq
}
,
where Γk
i j
, i, j, k = 1, 2, · · · , n are the Christofell symbols of M.
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3. Proof of Liouville theorem to the torsion system (1.1)
In this section, we will prove that the Theorem 1.1 holds true for torsion
system (1.1). Without some specification, we may only give the proof to
ξii = λ(x) +
2xkξk
|x|2 + 1 ,
the minus case is similarly.
At first, multiplying the second identity of (1.1) by xix j, one concludes
that
(3.1) x jD j(x
iξi) + xiDi(x
jξ j) = 0, ∀i , j.
Another hand, one also has that
xiDi(x
iξi) = |xi|2Diξi − xiξi
= λ|xi|2 + 2x
kξk
|x|2 + 1 |x
i|2 − xiξi, ∀i(3.2)
by first formula in (1.1). Adding (3.1) by two times of (3.2) and then sum-
ming over all indices i, j = 1, 2, · · · , one obtains that
(3.3) x · D(x · ξ) = λ|x|2 + 2(x · ξ)|x|2 + 1 |x|
2 − (x · ξ).
Using polar coordinates
(r, θ), r ≡ |x| ≥ 0, θ ≡ x|x| ∈ S
n−1
and expressing x · ξ = ϕ(r, θ), we have
(3.4)
rϕr = λ(r, θ)r
2
+
r2−1
r2+1
ϕ, ∀r ≥ 0
ϕ(0, θ) = ϕ0(θ), ϕr(0, θ) = 0, ∀θ ∈ Sn−1.
Solving the above first order O.D.E., one concludes that
(3.5) ϕ(r, θ) =
r2 + 1
r
[ ∫ r
0
s2
s2 + 1
λ(s, θ)ds + C(θ)
]
.
Using the initial condition of ϕ, there must be C(θ) = 0, ∀θ ∈ Sn−1. Thus,
(3.6) x · ξ(x) = ϕ(r, θ) ≡ |x|
2
+ 1
|x|
∫ |x|
0
s2
s2 + 1
λ(s, θ)ds,∀x ∈ Rn.
Next, summing (3.1) for all j , i and then adding it by (3.2), we obtain that
x · D(xiξi) + xiDi(x · ξ) = 2λ|xi|2 +
4xkξk
|x|2 + 1 |x
i|2 − 2xiξi,
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or equivalent
x · D(xiξi) + 2xiξi = −xiDi
{
r2 + 1
r
∫ r
0
s2
s2 + 1
λ(s, θ)ds
}
+2λ|xi|2 + 4|x
i|2
r
∫ r
0
s2
s2 + 1
λ(s, θ)ds(3.7)
=
(
3
r
+
1
r3
)
|xi|2
∫ r
0
s2
s2 + 1
λ(s, θ)ds + |xi|2λ(r, θ).
Setting
ψ(r, θ) ≡ xiξi, r ≡ |x|, θ ≡ x|x| ,
one gets
(3.8) rψr + 2ψ =
(
3r +
1
r
)
cos2 θi
∫ r
0
s2
s2 + 1
λ(s, θ)ds + r2 cos2 θiλ(r, θ).
Solving this O.D.E., we obtain that
xiξi = ψ(r, θ) =
(
r + 1
r
)
cos2 θi
∫ r
0
s2
s2+1
λ(s, θ)ds
⇔ ξi = r2+1
r3
xi
∫ r
0
s2
s2+1
λ(s, θ)ds.(3.9)
As a result,
(3.10) x jD j(x
iξi) =
x2
i
x2
j
r3
{
−
(
1 +
3
r2
) ∫ r
0
s2
s2 + 1
λ(s, θ)ds + rλ(r, θ)
}
.
Substituting into (3.1), one concludes that
(3.11)
∫ r
0
s2
s2 + 1
λ(s, θ)ds =
r3
r2 + 3
λ(r, θ).
Therefore, λ is the solution to
(3.12)
∂rλ = −
4r
(r2+1)(r2+3)
λ, ∀r > 0
λ(0, θ) = λ0, ∂rλ(0, θ) = 0,
which is given
(3.13) λ(r, θ) = λ0
r2 + 3
r2 + 1
.
Taking derivative on second identity of (3.9), and comparing both sides of
(1.1), we derive that
(3.14)
1
r3
{
1 − r2 − xir −
3xi
r
}∫ r
0
s2
s2 + 1
λ(s, θ)ds =
r − xi
r
λ(r, θ)
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for function given by (3.13). So, there must be λ0 = 0 and thus λ(x) ≡
0, ∀x ∈ Rn. Now, the conclusion of Theorem 1.1 follows from the following
Lemma.
Lemma 3.1. The unique solutions (λ, ξ) ∈ R ×C∞(Rn,Rn) of
(3.15)
ξ
i
i
= λ +
2xkξk
|x|2+1 , ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
are given by λ = 0 and
(3.16) ξi = Σ j,ia
i
jx
j
+ bi, aij = −a ji , ∀i , j.
Remark. Taking derivatives on (3.15), one gets
(3.17)
ξ
j
ii
= −2D j
(
xkξk
|x|2+1
)
, ∀i , j
ξ
j
j j
= 2D j
(
xkξk
|x|2+1
)
, ∀ j
and hence
(3.18) △ξ j + (n − 2)D2jξ j = 0, ∀ j.
However, since there is no asymptotic assumption of ξ at infinity known, it
would be difficulty to classify all solutions ξ using harmonicity formula
(3.18). Fortunately, using the special structure of system of differential
equations (3.15), one can prove the Lemma 3.1.
Proof. Multiplying the second identity of (3.15) by xix j, one gets
(3.19) x jD j(x
iξi) + xiDi(x
jξ j) = 0, ∀i , j.
Another hand, we have
xiDi(x
iξi) = |xi|2Diξi − xiξi
= λ|xi|2 + 2x
kξk
|x|2 + 1 |x
i|2 − xiξi, ∀i(3.20)
by first formula in (3.15). Adding (3.17) by two times of (3.18) and then
summing over all indices i, j, one obtains that
(3.21) x · D(x · ξ) = λ|x|2 + 2(x · ξ)|x|2 + 1 |x|
2 − (x · ξ).
Using polar coordinates
(r, θ), r ≡ |x| ≥ 0, θ ≡ x|x| ∈ S
n−1
and expressing x · ξ = ϕ(r, θ), we have
(3.22)
rϕr = λr
2
+
r2−1
r2+1
ϕ, ∀r ≥ 0
ϕ(0, θ) = ϕ0(θ), ϕr(0, θ) = 0, ∀θ ∈ Sn−1.
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Solving the above first order O.D.E., one concludes that
(3.23) ϕ(r, θ) =
r2 + 1
r
[
λ
(
r − arctan r
)
+ C(θ)
]
.
Using the initial condition of ϕ, there must be C(θ) = 0, ∀θ ∈ Sn−1. Thus,
(3.24) x · ξ(x) = ϕ(r, θ) ≡ λ |x|
2
+ 1
|x| (|x| − arctan |x|),∀x ∈ R
n.
It’s clear that for solution ξ of (3.15), (3.17) and (3.18) also hold true.
Therefore, one concludes that(
∂2
∂(xi)2
+
∂2
∂(x j)2
)
D j
(
x · ξ
|x|2 + 1
)
= 0
⇔
(
∂2
∂(xi)2
+
∂2
∂(x j)2
){
− λ
(
1
|x|(|x|2 + 1) −
arctan |x|
|x|2
)
x j
|x|
}
= 0.(3.25)
Using Taylor’s expansion for function
f (r) ≡ −1
r
{
1
r(r2 + 1)
− arctan r
r2
}
= Σ
∞
k=0(−1)k+1
2k + 2
2k + 3
r2k,
we know that
F(xi, x j) ≡ −λ
(
1
|x|(|x|2 + 1) −
arctan |x|
|x|2
)
x j
|x| ∈ C
∞(R2)
is a smooth harmonic function on (xi, x j) ∈ R2. Noting that it is also
bounded, a famous Liouville theorem [5] for harmonic function gives the
unique possibility by λ = 0 and thus
(3.26) x · ξ(x) = 0, ∀x ∈ Rn.
Combining with (3.17), it yields that
ξi = Σ ja
i
jx
j
+ bi
and
aij = −a ji , aii = 0, ∀i , j.
The proof of the lemma was done. 
Thus, we have completed the proof of Theorem 1.1. 
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4. Symmetry Group on Sn
Let’s start with a well known Hairy ball theorem (refer to a analytic proof
by Milnor [19]).
Theorem 4.1. Suppose that n is even, then there is no non-vanishing tan-
gential vector field on Sn.
As a corollary, we have the following Brouwer type fix point theorem on
sphere.
Corollary 4.1. Suppose that n is even, then for any continuous mapping
f : Sn → Sn satisfying
f (x) , −x, ∀x ∈ Sn,
there is at least one fix point x0 ∈ Sn.
Proof. Suppose on the contrary, there is a continuous mapping f : Sn → Sn
satisfying
f (x) , x,−x, ∀x ∈ Sn.
Setting
v(x) ≡ f (x) − ( f (x), x)x, ∀x ∈ Sn,
we have v is a tangential vector field on Sn. Moreover, v does not vanish
everywhere on Sn due to |( f (x), x)| < 1 for all x ∈ Sn, which contradicts
with the hairy ball theorem 4.1. The proof was done. 
Remark. The assumption f (x) , −x, ∀x ∈ Sn can not be removed, since
the inversion transformation is a continuous mapping of Sn which has no fix
point.
By Corollary 4.1, we may assume the symmetry group action has at least
one fix point for n is even, as well as for n is odd after a rotation SO(1).
Without loss of generality, we may also assume that the fix point is (0, 1) ∈
R
n × R. Letting X = (y, z) ∈ Rn × R be the coordinate representation of Sn,
we have the spherical polar projection P : Sn → Rn is given by
P(y, z) ≡ x = y
1 − z , ∀(y, z) ∈ S
n \ (0, 1).
Regarding x ∈ Rn as local coordinates of Sn \ (0, 1), one can express X in
terms of x by
X =
(
2x
|x|2 + 1 ,
|x|2 − 1
|x|2 + 1
)
.
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Therefore, upon this local coordinates, the induced metric g of Sn is given
by
gi j ≡
(
∂X
∂xi
,
∂X
∂x j
)
=
4δi j
(|x|2 + 1)2
and the Chritoffel symbol
Γ
k
i j =
1
2
gkl
(
∂g jl
∂xi
+
∂gil
∂x j
− ∂gi j
∂xl
)
=
2
|x|2 + 1
(
− xiδ jk − x jδik + xkδi j
)
.
Thus, the Laplace-Beltrami operator
△g =
1√
g
∂
∂xi
(√
ggi j
∂
∂x j
)
= gi j
(
∂2
∂xi∂x j
− Γki j
∂
∂xk
)
=
(|x|2 + 1)2
4
△ − (n − 2) |x|
2
+ 1
2
x · ∇,
where
△ ≡ Σi
∂2
∂(xi)2
, ∇ ≡
(
∂
∂x1
, · · · , ∂
∂xn
)
are the canonical Laplace operator and gradient operator of Rn under flat
metric respectively.
Suppose that
−→v = ξi(x, t, u) ∂
∂xi
+ η(x, t, u)
∂
∂t
+ φ(x, t, u)
∂
∂u
to be an infinitesimal generator of one-parameter symmetry group g(ε), ε ∈
R, we have the prolongation formula is given by (2.2). Using spherical polar
projection, (2.5) changes to
(4.1) urut =
(|x|2 + 1)2
4
△u − (n − 2) |x|
2
+ 1
2
x · ∇u + uq.
Therefore, the group action g(·) is a one-parameter symmetry group of (4.1)
if and only if
rur−1utφ + urφt = (|x|2 + 1)xiξi△u + (|x|
2
+1)2
4
φii
−(n − 2)
{
xiξix · ∇u + |x|2+1
2
uiξ
i
+
|x|2+1
2
xiφi
}
+ quq−1φ.(4.2)
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Comparing the like terms on both sides of (4.2), one gets that
η = η(t)
ξku = 0, ∀k
φuu = 0
ru−1φ − ηt − 4xk|x|2+1ξk + 2ξii = 0, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
2
|x|2+1u
rξkt +
|x|2+1
2
(2φku − △ξk) − ru−1φxk
+
(
ηt + (1 − n)φu
)
xk + (2 − n)
{
2xi
|x|2+1ξ
ixk + ξk − ξk
i
xi
}
= 0, ∀k
(r − q)uq−1φ + urφt + (φu − ηt)uq − (|x|
2
+1)2
4
△φ − (2 − n) |x|2+1
2
xiφi = 0,
or equivalent to
ξk = ξk(x, t), η = η(t), φ = α(x, t)u
2ξi
i
= −rα(x, t) + ηt + 4x
kξk
|x|2+1 , ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j(4.3) [
(r + 1 − q)α(x, t) − ηt
]
uq + αt(x, t)u
r+1 − u△gα = 0
ur∂tξ
k − △gξk + (|x|
2
+1)2
2
Dkα +
|x|2+1
2
{
ηt + (1 − n − r)α
}
xk
+(2 − n)
{
(xiξi)xk + |x|
2
+1
2
ξk
}
= 0, ∀k
So, our situations are divided into five cases:
Case 1: (q, r + 1, 1 don’t equal mutually)
By 4th-5th identities in (3.3), we get
(4.4) α =
β
r + 1 − q , η(t) = βt + γ, ξ
k
= ξk(x)
and
(4.5)
ξ
i
i
= − β(1−q)
2(r+1−q) +
2xk
|x|2+1ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(4.6)
△gξ− (2−n)
ξ
1 − z =
{
β(2 − n − q)
r + 1 − q + (2−n)y · ξ
}
y
(1 − z)2 , ξ ≡ (ξ
1, · · · , ξn).
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Applying Theorem 1.1 to (??) and (??), one concludes that
(4.7) α = 0, η(t) = γ, ξi = Σ j,ia
i
jx
j, aij = −a ji , ∀i , j.
Therefore the infinite generators are spanned by
−→v 1 = ∂t
−→v 2 = Σ j,iaijx j∂xi ,(4.8)
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Ax, t, u), A ∈ SO(n)(4.9)
corresponding to translation in time and rotation on space.
Case 2: (q = r + 1 , 1)
By 4th identity in (4.3), one gets that
α(x, t) = η(t) + β(x), η(t) = κert − γ, ξk = ξk(x)
△gβ = 0(4.10)
and
(4.11)
ξ
i
i
=
r
2
[
γ − β(x)
]
+
2xk
|x|2+1ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
△gξ − (2 − n) ξ1−z =
{
(1 − n)κert + (1 − n − r)
[
β(x) − γ
]
+ (2 − n)y · ξ
}
y
(1−z)2
+
2Dβ
(1−z)2 , Dβ ≡ (β1, · · · , βn).(4.12)
Applying Theorem 1.1 to (4.11), one concludes that β = γ and
(4.13) ξk = akjx
j
+ bk, ∀k.
So, we get
(4.14) α = κert, η = κert − γ, ξk = Σ j,kakjx j. aij = −a ji , ∀i , j.
Thus, the infinite generators are spanned by
−→v 1 = ert∂t + ertu∂u
−→v 2 = ∂t(4.15)
−→v 3 = Σ j,iaijx j∂xi ,
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and their corresponding group actions are generated by
(4.16) g1(ε) :

x
t
u
 →

x˜
t˜
u˜
 =

x
−1
r
ln(e−rt − rε)
u(e−rt − rε)− 1r e−t

and
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)(4.17)
Case 3: (q = 1 , r + 1)
We have ξk = ξk(x) and
α = α(x), η = βt + γ, ξk = ξk(x)
△gα − rα + β = 0(4.18)
and
(4.19)
2ξ
i
i
= −rα(x) + β + 4xkξk|x|2+1 , ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(4.20) △gξ − (2 − n)
ξ
1 − z =
{
β + (2 − n − r)α + y · ξ
} y
(1 − z)2 +
2Dα
(1 − z)2 .
By Theorem 1.1 and (4.19), one obtains that
(4.21) α =
β
r
, η = βt + γ, ξk = Σ j,ka
k
jx
j, aij = −a ji , ∀i , j.
Thus, the infinite generators are spanned by
−→
v 1 = t∂t + u/r∂u
−→v 2 = ∂t(4.22)
−→v 3 = Σ j,iaijx j∂xi ,
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, eεt, eε/ru)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)(4.23)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)
Case 4: (r + 1 = 1 , q)
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We have ξk = ξk(x, t) and(1 − q)α(x, t) = ηtαt − (|x|2+1)24 △α − |x|2+12 x · ∇α = 0
⇒ η = βt + γ, α = β
1 − q(4.24)
and
(4.25)
2ξ
i
i
= β + 4x
k
|x|2+1ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(4.26) ∂tξ − △gξ + (2 − n)
ξ
1 − z = −
{
β(2 − n − q)
1 − q + (2 − n)y · ξ
}
y
(1 − z)2 .
Applying Theorem 1.1 to (4.25), one concludes that
(4.27) α = 0, η = γ, ξk = Σ j,ka
k
j(t)x
j, akj(t) = −a jk(t), ∀ j , k.
Substituting into (4.26), there holds
Σ j,k∂ta
k
j(t)x
j
= 0, ∀k
or equivalently ξk = ξk(x),∀k. So, the infinite generators are spanned by
−→v 1 = ∂t
−→v 2 = Σ j,iaijx j∂xi ,(4.28)
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Ax, t, u), A ∈ SO(n)(4.29)
corresponding to translation in time and rotation on space respectively.
Case 5: (q = r + 1 = 1)
We have
(4.30) αt − △gα = ηt
and
(4.31)
2ξ
i
i
= ηt +
4xk
|x|2+1ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(4.32)
∂tξ −△gξ + (2− n)
ξ
1 − z = −
{
ηt + (1− n)α+ (2− n)y · ξ
}
y
(1 − z)2 −
2Dα
(1 − z)2 .
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Using again Theorem 1.1, it’s inferred from (4.30)-(4.31) that
(4.33) αt − △gα = 0, η = γ, ξk = Σ j,kakj(t)x j, akj(t) = −a jk(t), ∀ j , k.
Combining with (4.32), one concludes that
(4.34) Dkα +
(1 − n)xk
|x|2 + 1 α = −Σ j,k
(|x|2 + 1)2
2
∂ta
k
j(t)x
j.
Taking a second derivative on xl, there holds
Dklα = −(1 − n)
{
δkl
|x|2 + 1 −
2xkxl
(|x|2 + 1)2
}
α − (1 − n) x
k
|x|2 + 1Dlα
−2(|x|2 + 1)Σ j,k, j,lxlx j∂takj(t) −
{
(|x|2 + 1)2
2
+ 2(xl)2(|x|2 + 1)
}
∂ta
k
l (t).(4.35)
Substituting (4.34) into (4.35), one derives that
Dklα + (1 − n)
{
δkl
|x|2+1 + (n − 3) x
k xl
(|x|2+1)2
}
α
=
1−n
2
(|x|2 + 1)Σ j,k, j,lxkx j∂talj(t) − 2(|x|2 + 1)Σ j,k, j,lxlx j∂takj(t)
−1−n
2
(|x|2 + 1)(xk)2∂takk(t) − (|x|2 + 1)
{
|x|2+1
2
+ 2(xl)2
}
∂ta
k
l
(t).
Exchanging the indices k, l and using the symmetry of second derivatives,
it yields that
5−n
2
Σ j,k, j,lx
j
{
xk∂ta
l
j
(t) − xl∂takj(t)
}
−
{
(|x|2 + 1) + 5−n
2
[
(xk)2 + (xl)2
]}
∂ta
k
l
(t) = 0, ∀k , l .
Consequently, we get
(4.36) akj(t) = a
k
j, ∀ j , k
and so
(4.37) α = β, η = γ, ξk = Σ j,ka
k
jx
j, akj = −a jk, ∀ j , k.
Thus, the infinite generators are spanned by
−→v 1 = u∂u
−→v 2 = ∂t(4.38)
−→v 3 = Σ j,iaijx j∂xi ,
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and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t, eεu)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)(4.39)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)
5. Symmetry Group on Hn
As one knows, Hyperbolic space Hn, n ≥ 2 is a complete, simply con-
nected Riemannian manifolds having constant sectional curvature −1. The
most important models of hyperbolic spaces include the Poincare´ balls,
half-spaces and hyperboloids (or Lorentz model). In this section, we only
discuss the Poincare´ balls B1 ⊂ Rn, n ≥ 2, which equipped with a complete
metric
gi j =
(
2
1 − |x|2
)2
δi j, ∀i, j = 1, 2, · · · , n, ∀x ∈ B1,
whose Chritoffel symbol is given by
Γ
k
i j =
1
2
gkl
(
∂g jl
∂xi
+
∂gil
∂x j
− ∂gi j
∂xl
)
=
2
1 − |x|2
(
xiδ jk + x
jδik − xkδi j
)
.
Thus, the Laplace-Beltrami operator
△g =
1√
g
∂
∂xi
(√
ggi j
∂
∂x j
)
= gi j
(
∂2
∂xi∂x j
− Γki j
∂
∂xk
)
=
(1 − |x|2)2
4
△ + (n − 2)1 − |x|
2
2
x · ∇, ∀x ∈ B1
and (2.5) changes to
(5.1) urut =
(1 − |x|2)2
4
△u + (n − 2)1 − |x|
2
2
x · ∇u + uq.
As above, suppose that
−→v = ξi(x, t, u) ∂
∂xi
+ η(x, t, u)
∂
∂t
+ φ(x, t, u)
∂
∂u
is an infinitesimal generator of one-parameter symmetry group g(ε), ε ∈ R,
the prolongation pr(2)−→v is given by (2.2). Therefore, the group action g(·)
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is a one-parameter symmetry group of (5.1) if and only if
rur−1utφ + urφt = −(1 − |x|2)xiξi△u + (1−|x|
2 )2
4
φii
+(n − 2)
{
− xiξix · ∇u + 1−|x|2
2
uiξ
i
+
1−|x|2
2
xiφi
}
+ quq−1φ.(5.2)
Comparing the like terms on both sides of (5.2), we get
η = η(t)
ξku = 0, ∀k
φuu = 0
ru−1φ − ηt + 4xk1−|x|2 ξk + 2ξii = 0, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
− 2
1−|x|2 u
rξkt − 1−|x|
2
2
(2φku − △ξk) − ru−1φxk
+
(
ηt + (1 − n)φu
)
xk + (2 − n)
{
− 2xi
1−|x|2 ξ
ixk + ξk − ξk
i
xi
}
= 0, ∀k
(r − q)uq−1φ + urφt + (φu − ηt)uq − (1−|x|
2)2
4
△φ + (2 − n)1−|x|2
2
xiφi = 0,
or equivalent to
ξk = ξk(x, t), η = η(t), φ = α(x, t)u
2ξi
i
= −rα(x, t) + ηt − 4x
kξk
1−|x|2 , ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j(5.3) [
(r + 1 − q)α(x, t) − ηt
]
uq + αt(x, t)u
r+1 − u△gα = 0
ur∂tξ
k − △gξk + (1−|x|
2)2
2
Dkα − 1−|x|
2
2
{
ηt + (1 − n − r)α
}
xk
+(2 − n)
{
(xiξi)xk − 1−|x|2
2
ξk
}
= 0, ∀k
As in Section 4, our results are divided into five cases:
Case 1: (q, r + 1, 1 don’t equal mutually)
By 4th-5th identities in (5.3), one has
(5.4) α =
β
r + 1 − q , η(t) = βt + γ, ξ
k
= ξk(x)
and
(5.5)
ξ
i
i
= − β(1−q)
2(r+1−q) − 2x
k
1−|x|2 ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
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and
(5.6)
△gξ− (2−n)
ξ
1 − z =
{
β(2 − n − q)
r + 1 − q + (2−n)y · ξ
}
y
(1 − z)2 , ξ ≡ (ξ
1, · · · , ξn).
Applying Theorem 1.1 to (5.5), one concludes that
(5.7) α = 0, η(t) = γ, ξi = Σ j,ia
i
jx
j, aij = −a ji , ∀i , j.
Therefore the infinite generators are spanned by
−→v 1 = ∂t
−→v 2 = Σ j,iaijx j∂xi ,(5.8)
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Ax, t, u), A ∈ SO(n)(5.9)
corresponding to translation in time and rotation on space.
Case 2: (q = r + 1 , 1)
By 4th identity in (5.3), we get
α(x, t) = η(t) + β(x), η(t) = κert − γ, ξk = ξk(x)
△gβ = 0(5.10)
and
(5.11)
ξ
i
i
=
r
2
[
γ − β(x)
]
− 2xk
1−|x|2 ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
△gξ − (2 − n) ξ1−z =
{
(1 − n)κert + (1 − n − r)
[
β(x) − γ
]
+ (2 − n)y · ξ
}
y
(1−z)2
+
2Dβ
(1−z)2 , Dβ ≡ (β1, · · · , βn).(5.12)
Applying Theorem 1.1 to (5.11), one concludes that β = γ and
(5.13) ξk = akjx
j
+ bk, ∀k.
So, we get
(5.14) α = κert, η = κert − γ, ξk = Σ j,kakjx j. aij = −a ji , ∀i , j.
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Thus, the infinite generators are spanned by
−→v 1 = ert∂t + ertu∂u
−→v 2 = ∂t(5.15)
−→v 3 = Σ j,iaijx j∂xi ,
and their corresponding group actions are generated by
(5.16) g1(ε) :

x
t
u
 →

x˜
t˜
u˜
 =

x
−1
r
ln(e−rt − rε)
u(e−rt − rε)− 1r e−t

and
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)(5.17)
Case 3: (q = 1 , r + 1)
We have ξk = ξk(x) and
α = α(x), η = βt + γ, ξk = ξk(x)
△gα − rα + β = 0(5.18)
and
(5.19)
2ξ
i
i
= −rα(x) + β − 4xkξk
1−|x|2 , ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(5.20) △gξ − (2 − n)
ξ
1 − z =
{
β + (2 − n − r)α + y · ξ
} y
(1 − z)2 +
2Dα
(1 − z)2 .
By Theorem 1.1 and (5.19), one obtains that
(5.21) α =
β
r
, η = βt + γ, ξk = Σ j,ka
k
jx
j, aij = −a ji , ∀i , j.
Thus, the infinite generators are spanned by
−→v 1 = t∂t + u/r∂u
−→v 2 = ∂t(5.22)
−→v 3 = Σ j,iaijx j∂xi ,
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, eεt, eε/ru)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)(5.23)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)
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Case 4: (r + 1 = 1 , q)
One has ξk = ξk(x, t) and(1 − q)α(x, t) = ηtαt − (1−|x|2)24 △α − (n − 2)1−|x|22 x · ∇α = 0
⇒ η = βt + γ, α = β
1 − q(5.24)
and
(5.25)
2ξ
i
i
= β − 4xk
1−|x|2 ξ
k, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
and
(5.26) ∂tξ − △gξ + (2 − n)
ξ
1 − z = −
{
β(2 − n − q)
1 − q + (2 − n)y · ξ
}
y
(1 − z)2 .
Applying Theorem 1.1 to (5.25), one gets that
(5.27) α = 0, η = γ, ξk = Σ j,ka
k
j(t)x
j, akj(t) = −a jk(t), ∀ j , k.
Substituting into (5.26), one gets
Σ j,k∂ta
k
j(t)x
j
= 0, ∀k
or equivalently ξk = ξk(x),∀k. Therefore the infinite generators are spanned
by
−→v 1 = ∂t
−→v 2 = Σ j,iaijx j∂xi ,(5.28)
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Ax, t, u), A ∈ SO(n)(5.29)
corresponding to translation in time and rotation on space respectively.
Case 5: (q = r + 1 = 1)
We have
(5.30) αt − △gα = ηt
and
(5.31)
2ξ
i
i
= ηt − 4xk1−|x|2 ξk, ∀i
ξi
j
+ ξ
j
i
= 0, ∀i , j
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and
(5.32)
∂tξ −△gξ + (2− n)
ξ
1 − z = −
{
ηt + (1− n)α+ (2− n)y · ξ
}
y
(1 − z)2 −
2Dα
(1 − z)2 .
By Theorem 1.1, it’s inferred from (5.30)-(5.31) that
(5.33) αt − △gα = 0, η = γ, ξk = Σ j,kakj(t)x j, akj(t) = −a jk(t), ∀ j , k.
Combining with (5.32), one concludes that
(5.34) Dkα +
(n − 1)xk
1 − |x|2 α = −Σ j,k
(1 − |x|2)2
2
∂ta
k
j(t)x
j.
Taking a second derivative on xl, there holds
Dklα = −(n − 1)
{
δkl
1 − |x|2 +
2xkxl
(1 − |x|2)2
}
α − (n − 1) x
k
1 − |x|2Dlα
+2(1 − |x|2)Σ j,k, j,lxlx j∂takj(t) −
{
(1 − |x|2)2
2
− 2(xl)2(1 − |x|2)
}
∂ta
k
l (t).(5.35)
Substituting (5.34) into (5.35), we derive that
Dklα + (n − 1)
{
δkl
1−|x|2 − (n − 3) x
k xl
(1−|x|2 )2
}
α
=
n−1
2
(1 − |x|2)Σ j,k, j,lxkx j∂talj(t) + 2(1 − |x|2)Σ j,k, j,lxlx j∂takj(t)
−n−1
2
(1 − |x|2)(xk)2∂takk(t) − (1 − |x|2)
{
1−|x|2
2
− 2(xl)2
}
∂ta
k
l
(t).
Exchanging the indices k, l and using the symmetry of second derivatives,
it yields that
5−n
2
Σ j,k, j,lx
j
{
xk∂ta
l
j
(t) − xl∂takj(t)
}
+
{
(1 − |x|2) + 5−n
2
[
(xk)2 + (xl)2
]}
∂ta
k
l
(t) = 0, ∀k , l .
Consequently, we have
(5.36) akj(t) = a
k
j, ∀ j , k
and so
(5.37) α = β, η = γ, ξk = Σ j,ka
k
jx
j, akj = −a jk, ∀ j , k.
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Thus, the infinite generators are spanned by
−→
v 1 = u∂u
−→v 2 = ∂t(5.38)
−→v 3 = Σ j,iaijx j∂xi ,
and their corresponding group actions are generated by
g1(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t, eεu)
g2(ε) : (x, t, u)→ (x˜, t˜, u˜) = (x, t + ε, u)(5.39)
g3(ε) : (x, t, u)→ (x˜, t˜, u˜) = (Aεx, t, u), Aε ∈ SO(n)
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